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Abstract
All groups considered in this paper will be finite. A 2-group is called quaternion-free if it has
no section isomorphic to the quaternion group of order 8. For a finite p-group P the subgroup
generated by all elements of order p is denoted by Ω1(P ). Zhang [Proc. Amer. Math. Soc. 98
(4) (1986) 579] proved that if P is a Sylow p-subgroup of G, Ω1(P )  Z(P ) and NG(Z(P ))
is p-nilpotent, then G is p-nilpotent, i.e., G has a normal Hall p′-subgroup. Recently, Ballester-
Bolinches and Guo [J. Algebra 228 (2000) 491] proved that if P is a Sylow 2-subgroup G, P is
quaternion-free, Ω1(P ∩ G′) Z(P ) and NG(P ) is 2-nilpotent, then G is 2-nilpotent. Bannuscher
and Tiedt [Ann. Univ. Sci. Budapest 37 (1994) 9] proved that if p > 2, P is a Sylow p-subgroup of G,
|Ω1(P ∩Px)| pp−1 for all x ∈ G \NG(P ) and NG(P ) is p-nilpotent, then G is p-nilpotent. The
object of this paper is to improve and extend these results.
 2004 Elsevier Inc. All rights reserved.
1. Introduction
Throughout this paper G will denote a finite group. A 2-group is called quaternion-free
if it has no section isomorphic to the quaternion group of order 8. If P is a p-group,
we denote Ω(P) = Ω1(P ) if p > 2 and Ω(P) = 〈Ω1(P ),Ω2(P )〉 if p = 2, where
Ωi(P ) = 〈x ∈ P | o(x) = pi〉. We define D(G) = ⋂ {H | H  G and G/H is nilpotent}
and call it the nilpotent residual of G.
In the present paper, we prove the following theorem.
Theorem 1. Let P be a Sylow p-subgroup of a finite group G. If p = 2, suppose P is
quaternion-free. Then the following statements are equivalent:
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(b) NG(P) is p-nilpotent and Ω1(D(G) ∩P ∩ Px)Z(P) for all x ∈ G\NG(P).
(c) NG(P) is p-nilpotent and |Ω1(D(G) ∩P ∩ Px)| pp−1 for all x ∈ G\NG(P).
(d) Ω1(D(G) ∩ P) Z(NG(P)).
The argument which established Theorem 1 can easily be adapted to yield the following
three corollaries.
Corollary 2. Let P be a Sylow 2-subgroup of a finite group G. If P is quaternion-free and
Ω1(P ) Z(G), then G is 2-nilpotent.
Corollary 3. Let P be a Sylow p-subgroup of a finite group G. If NG(P) is p-nilpotent
and Ω(P ∩ Px) Z(P) for all x ∈ G\NG(P), then G is p-nilpotent.
Corollary 4. Let P be a Sylow p-subgroup of a finite group G. Then G is p-nilpotent if
and only if Ω(D(G) ∩P) Z(NG(P)).
Our results improve and extend the following theorems of Zhang [6], Ballester-
Bolinches and Guo [1], and Bannuscher and Tiedt [2].
Theorem 5 [6, Theorem 1]. Let P be a Sylow p-subgroup of a finite group G. If
Ω1(P ) Z(P) and NG(Z(P)) is p-nilpotent, then G is p-nilpotent.
Theorem 6 [1, Theorem 1]. Let P be a Sylow p-subgroup of a finite group G. If
Ω(P ∩ G′) Z(NG(P)), then G is p-nilpotent.
Theorem 7 [1, Theorem 2]. Let P be a Sylow 2-subgroup of a finite group G. Suppose
that Ω1(P ∩ G′)  Z(P). If P is quaternion-free and NG(P) is 2-nilpotent, then G is
2-nilpotent.
Theorem 8 [2]. Let P be a Sylow p-subgroup of a finite group G for an odd prime p.
If |Ω1(P ∩ Px)|  pp−1 for all x ∈ G\NG(P) and NG(P) is p-nilpotent, then G is
p-nilpotent.
The following example shows that the quaternion-free hypothesis is necessary in
Theorem 7.
Example. Take G = GL(2,3) and let P be a Sylow 2-subgroup of G. Then NG(P) = P
and SL(2,3)G. Also G′ = SL(2,3), Ω1(P ∩ G′) Z(P). Clearly G is not 2-nilpotent.
The group GL(2,3) is an example which shows that Theorem 8 is not true for p = 2.
Ballester-Bolinches and Guo have applied the deep result of Dornhoff (see [3,
Theorem 2.8]) in the proof of Theorem 7. Here we give a proof of Theorem 1 without
using Dornhoff’s result.
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Lemma 1. Let P be a Sylow subgroup of G. Then G is p-nilpotent if and only if D(G)
and NG(P) are p-nilpotent.
Proof. Clearly, every subgroup of a p-nilpotent group is p-nilpotent. To prove the
converse of the lemma we proceed by induction on the order of G. Let H = Op′(D(G)).
Hence if H = 1, D(G/H) = D(G)/H and NG/H (PH/H) = NG(P)H/H ∼= NG(P)/
(NG(P ) ∩ H). Clearly, every factor group of a p-nilpotent group is p-nilpotent. Then
G/H is p-nilpotent by induction on the order of G and consequently G is p-nilpotent.
Thus H = 1 and so D(G) P G. Hence G = NG(P) is p-nilpotent.
Lemma 2. Let P be a Sylow subgroup of G. Then G is p-nilpotent if and only if
|D(G) ∩ P | pp−1 and NG(P) is p-nilpotent.
Proof. Suppose that G is p-nilpotent. Then there exists a normal subgroup K of G such
that G = PK and P ∩ K = 1. Clearly D(G)  K and so |D(G) ∩ P | = 1  pp−1. Also
every subgroup of a p-nilpotent group is p-nilpotent.
Assume that the converse of the lemma is not true and choose for G a counterexample
of minimal order. Set D(G) = H . Then
(1) H = 1 is clear.
(2) H ∩ P = 1 is clear.
(3) H = G.
Suppose that H = G. Then |H ∩ P | = |P |  pp−1 and so P is regular by [5, III,
Satz 10.2(b)]. Hence by Wielandt’s theorem [5, IV, Satz 8.1], G is p-nilpotent, a con-
tradiction.
(4) H ∩ P is a nontrivial normal subgroup of G.
By (2), H ∩P = 1. Suppose that H ∩P is not normal in G. Set L = NG(H ∩P). Clearly
P NG(P) L < G. Then L is p-nilpotent by our choice of G and so NH(H ∩P) is p-
nilpotent. Hence H is p-nilpotent by our choice of G and so G is p-nilpotent by Lemma 1,
a contradiction. Thus 1 = H ∩ P G.
(5) Op′(G) = 1 is clear.
(6) G is p-solvable and CG(Op(G))Op(G).
By (4), 1 = H ∩ P Op(G). Then G/Op(G) is p-nilpotent by our choice of G and
so G is p-solvable. Since Op′(G) = 1 by (5), we have CG(Op(G))  Op(G) by [4,
Chapter 6, Theorem 3.2].
(7) G = PQ, where Q is a Sylow q-subgroup of G for a prime q = p.
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subgroup K = PQ, where Q is a Sylow q-subgroup of G for a prime q = p. Hence
if K = G, K is p-nilpotent by our choice of G and so Q  CG(Op(G)). Since
CG(Op(G))Op(G) by (6), we have QOp(G), a contradiction. Thus G = PQ, where
Q is a Sylow q-subgroup of G for a prime q = p.
(8) Φ(G) = 1.
Suppose that Φ(G) = 1. Clearly Φ(G)  F(G) and F(G) = Op(G) by (5). Then
G/Φ(G) is p-nilpotent by our choice of G and hence G is p-nilpotent by [5, VI,
Hilfssatz 6.3], a contradiction. Thus Φ(G) = 1.
(9) Op(G) is a minimal normal subgroup of G.
By (5), F(G) = Op(G). By (8), Φ(G) = 1. Then by [5, III, Satz 4.5], Op(G) is the
direct product of minimal normal subgroups of G. Hence if Op(G) contains two distinct
minimal normal subgroups L1 and L2, G/L1 and G/L2 are p-nilpotent by our choice of
G and hence G/(L1 ∩ L2) ∼= G is p-nilpotent, a contradiction. Thus Op(G) is a minimal
normal subgroup of G.
(10) Finishing the proof.
By (7), G = PQ, where Q is a Sylow q-subgroup of G for a prime q = p. Then
G is solvable by Burnside’s theorem [5, V, Hauptsatz 7.3]. Hence there exists a normal
subgroup M of G such that |G/M| = p or q . Hence if |G/M| = q , P M and so M is
p-nilpotent by our choice of G. But now by (5), we have P = M  G, a contradiction.
Thus |G/M| = p. Clearly P ∩M is a Sylow p-subgroup of M and |P :P ∩M| = p. Then
P ∩ M  P and so P  NG(P ∩ M). Hence if P ∩ M  G, P ∩ M = Op(G) and so
P ∩M = Op(G) = P ∩H by (4) and (9). Since |P/(P ∩M)| = p and |P ∩M| pp−1, it
follows that |P | pp . Then by [5, III, Satz 10.2(b)], P is regular and hence by Wielandt’s
theorem [5, IV, Satz 8.1], G is p-nilpotent, a contradiction. Thus P ∩ M is not normal
in G. Since P NG(P ∩M) < G, it follows that NG(P ∩M) is p-nilpotent by our choice
of G and consequently NM(P ∩ M) is p-nilpotent. Then M is p-nilpotent by our choice
of G and this is a contradiction as Op′(G) = 1 by (5). 
Lemma 3 [2, Lemma 4]. Let P be a p-group, where p is an odd prime, If |Ω1(P )| pp−1,
then |P/Φ(P)| pp−1.
Lemma 4. If K is a minimal non-nilpotent group, then D(K) is a Sylow p-subgroup of K
for some prime p.
Proof. Clearly D(K) = 1. By [5, III, Satz 5.2], |K| = pnqm, where q is a prime different
from p, K has a normal Sylow p-subgroup Kp and a cyclic Sylow q-subgroup Kq . Then
D(K)Kp . Hence if D(K) < Kp , D(K)Kq is a proper normal nilpotent subgroup of K
and so Kq K , a contradiction. Thus D(K) = Kp . 
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Proof. If G is p-nilpotent, then Op′(G)D(G) and D(G) ∩ P = 1. So (a) implies (b),
(c), and (d).
(b) ⇒ (a). Assume that the result is not true and choose for G a counterexample of
minimal order. Then G is not p-nilpotent and so G contains a minimal non-p-nilpotent
subgroup, K , say. By [5, IV, Satz 5.4], K is a minimal nonnilpotent subgroup of G. By [5,
III, Satz 5.2], |K| = pnqm, where q is a prime different from p, K has a normal Sylow
p-subgroup Kp and a cyclic Sylow q-subgroup Kq . Moreover, Kp is of exponent p if p is
odd and of exponent at most 4 if p = 2.
We prove the following steps:
(1) Op′(G) = 1.
Suppose that Op′(G) = 1. Clearly our hypothesis carries over to G/Op′(G). Then
G/Op′/(G) is p-nilpotent by our minimal choice of G and so G is p-nilpotent, a con-
tradiction.
(2) Let L be a proper subgroup of G such that P L. Then L is p-nilpotent.
Either L = NL(P) or L = NL(P). If L = NL(P) NG(P), then it follows easily that
L satisfies the hypothesis (b) and so L is p-nilpotent by our minimal choice of G. Clearly,
if L = NL(P), then L is p-nilpotent. Hence in both cases L is p-nilpotent.
(3) Ω1(Kp) = Kp .
Suppose that Ω1(Kp) = Kp. By Lemma 4, D(K) = Kp . Then Ω1(Kp) = Kp 
Ω1(D(G) ∩P ∩Py), where Kq = 〈y〉 for some y ∈ G. But Ω1(D(G)∩P ∩Py) Z(P)
as y ∈ G\NG(P) and so Kp  Z(P). Set L = NG(Kp), so P  L. If L = G, then L
is p-nilpotent by (2). However K  L as Kq  NG(Kp) = L, a contradiction. Hence
L = G and so P  CG(Kp)  L = G. If CG(Kp) = G, then CG(Kp) is p-nilpotent by
(2) and since Op′(G) = 1 by (1), we have that P = CG(Kp)G, a contradiction. Hence
Kp  Z(G), a contradiction. Thus Ω1(Kp) = Kp .
(4) Set H = D(G). Then H = G.
Suppose that H = G. Then Ω1(P ∩ Px)  Z(P) for all x ∈ G\NG(P). Since
Ω1(Kp)  Ω1(P ∩ Py), where Kq = 〈y〉 for some y ∈ G\NG(P), it follows that
Ω1(Kp)  Z(P). By (3), Ω1(Kp) = Kp and so p = 2 (if p > 2, then the exponent
of Kp is p and so Ω1(Kp) = Kp). By [5, III, Satz 5.2], K ′2 = Z(K2) = Φ(K2), K ′2 is
elementary abelian and K2/K ′2 is a chief factor of K . Then Ω1(K2) = K ′2  Z(K). Let R
be a maximal subgroup of K ′2. Hence R K and so K/R is a minimal nonnilpotent group
and K ′2/R = (K2/R)′ = Z(K2/R) = Φ(K2/R) and |K ′2/R| = 2. So K2/R is extraspecial
quaternion free 2-group and it follows, from [4, Chapter 5, Theorem 5.2] that K2/R
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subgroup of order 4. This implies that K/R is nilpotent, a contradiction. Thus H = G.
(5) Set L = NG(H ∩ P). Then L = G.
Suppose that L = G. Clearly P  L and H ∩ P is a Sylow p-subgroup of H . By (2),
L is p-nilpotent and consequently so also does NH(H ∩P). Clearly H > NH(H ∩P) and
H = G by (4) and
Ω1
(
D(H) ∩ (H ∩ P) ∩ (H ∩P)x)= Ω1
(
D(H) ∩ P ∩Px)Ω1
(
H ∩P ∩ Px) Z(P)
for all x ∈ H\NH(H ∩ P), Hence H = D(G) is p-nilpotent by our minimal choice
of G and since NG(P) is p-nilpotent, we have that G is p-nilpotent by Lemma 1, a
contradiction. Thus L = G.
(6) Finishing the proof of the statement (b) ⇒ (a).
By (5), H ∩ P G. Then Ω1(H ∩ P)G and so Ω1(H ∩ P) Z(P). Suppose that
CG(Ω1(H ∩P)) = G. Clearly P  CG(Ω1(H ∩P)). Then CG(Ω1(H ∩P)) is p-nilpotent
by (2) and since Op′(G) = 1 by (1), we have that P = CG(Ω1(H ∩ P))  NG(Ω1(H ∩
P)) = G and G = NG(P) is p-nilpotent a contradiction. Hence CG(Ω1(H ∩P)) = G and
so Ω1(H ∩ P) Z(G). But then H is p-nilpotent if p > 2 by [5, IV, Satz 5.5a)]. On the
other hand if p = 2 and Ω1(H ∩ P) Z(G), then, as was shown in the proof of (4), H is
2-nilpotent. Hence H is p-nilpotent if p  2. Now applying Lemma 1, we conclude that
G is p-nilpotent, a contradiction.
(c) ⇒ (a). Assume that the result is not true and choose for G a counterexample of
minimal order. Set H = D(G). Then the following three steps are immediate:
(1) H = 1.
(2) H ∩ P = 1.
(3) Let L be a proper subgroup of G such that P L. Then L is p-nilpotent.
We consider the two cases: p > 2 and p = 2.
Case 1. p > 2. Then
(i) H = G.
Suppose that H = G. Then |Ω1(P ∩ Px)| pp−1 for all x ∈ G\NG(P) and hence G
is p-nilpotent by Theorem 8, a contradiction. Thus H = G.
(ii) H ∩ P G.
Suppose that H ∩P is not normal in G. Set L = NG(H ∩P). Clearly P  L, H ∩P is
a Sylow p-subgroup of H and H ∩P is not normal in H . By (3), L is p-nilpotent and
consequently so also does NH(H ∩P). Hence H is p-nilpotent by our minimal choice
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a contradiction. Thus H ∩ P G.
(iii) Final step (p > 2).
By (ii), H ∩P G, so |Ω1(H ∩P)| pp−1. Then by Lemma 3, |H ∩P/Φ(H ∩P)|
pp−1. Hence by Lemma 2, G/Φ(H ∩P) is p-nilpotent and so G/Φ(G) is p-nilpotent
as Φ(H ∩ P)Φ(G). Now applying [5, IV, Hilfssatz 6.3], we conclude that G is p-
nilpotent, a contradiction.
Case 2. p = 2.
Let K be a minimal non-2-nilpotent subgroup of G. Then by [5, IV, Satz 5.4], K is a
minimal nonnilpotent group. Hence by [5, III, Satz 5.2], |K| = 2nqm, where q is a prime
different from 2, K has a normal Sylow 2-subgroup K2 and a cyclic Sylow q-subgroup Kq .
Also K2 = D(K) by Lemma 4. So K2  H = D(G). Now it is clear that Ω1(K2) 
Ω1(H ∩ P ∩ Py), where Kq = 〈y〉 for some y ∈ G. But |Ω1(H ∩ P ∩ Py)| pp−1 = 2
as y ∈ G\NG(P) and so |Ω1(K2)| = 2. Then K2 is a 2-group with no noncyclic abelian
subgroups and hence either K2 is cyclic or K2 is isomorphic to a generalized quaternion
group by [4, Chapter 5, Theorem 4.10 (ii)]. If K2 is cyclic, then |K2| = 2 (recall that K2/K ′2
is a chief factor of K), so it follows easily that Kq K , a contradiction. If K2 is isomorphic
to a generalized quaternion group, then K2 is not quaternion free, a contradiction.
(d) ⇒ (a). Assume that the result is not true and choose for G a counterexample of
minimal order. Set H = D(G). Then
(1) H = 1 is clear.
(2) H ∩ P = 1 is clear.
(3) P is not normal in G.
Suppose that P G. Then Ω1(H ∩ P)  Z(G) and so Ω1(H ∩ P) Z(HQ), where
Q is a Sylow q-subgroup of G and q is different from p. Hence HQ is p-nilpotent (see
step (6) of the proof of the statement (b) ⇒ (a)). But HQ  G as G/H is nilpotent, so
Op′(G) = 1. Clearly our hypothesis carries over to G/Op′(G). Then G/Op′(G) is p-
nilpotent by our minimal choice of G and so G is p-nilpotent, a contradiction. Thus P is
not normal in G.
(4) Finishing the proof.
By (3), NG(P) = G. Then NG(P) is p-nilpotent by our minimal choice of G. Hence G
is p-nilpotent by the statement (b) ⇒ (a), a contradiction.
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